ABSTRACT. In this note we show that Harbourne's conjecture is true for symbolic powers of ideals of points, we check that the stable version of this conjecture is valid for ideals of very general points (resp. generic points) in P N K (resp. P N K(z) ). We also show that this conjecture and the Harbourne-Huneke conjecture are true for a class of ideals I defining fat points obtained from line arrangements in P 2 K .
INTRODUCTION
Let R := K[x 0 , . . . , x N ] be a polynomial ring over a field K of characteristic 0. Let I = ∩ s i=1 I(P i ) be the defining ideal of a set of s (distinct) points P 1 , . . . , P s in P N K , where I(P i ) is the ideal generated by all homogeneous polynomials that vanish at P i .
The m-th symbolic power of I is defined as the ideal of fat points I (m) = ∩ s i=1 I(P i ) m . It is clear that I m ⊆ I (m) , but I (m) is not contained in I m in general. The containment problem is to determine all the values of m and r for which I (m) ⊆ I r holds. A fundamental result of Ein-Lazarsfeld-Smith [11] and Hochster-Huneke [17] proved that I (N m) ⊆ I m for any m ≥ 1; the theorem is valid for any homogeneous ideal I, and for a field of any characteristic. Later, after positive answers in a large class of examples, and a multitude of other experiments, this containment result can be improved into the following conjecture, often known as Harbourne's conjecture: .9] for counterexamples in positive characteristic, some in higher dimensions. Later we will take a brief yet closer look at the first counterexample from this list, which is due to Dumnicki, Szemberg, and Tutaj-Gasińska [8] . This counterexample, combined with the positive answer to Harbourne's conjecture when I is replaced by any symbolic power J (t) , t ≥ 2 (see Proposition 2.1), determined us to investigate in Section 3 if the ideal I defining the fat-points singularity locus of a line arrangement in P 2 K , verifies Harbourne's conjecture, as well as other conjectures related to containment problems (see Remark 3.5) .
Recently, Grifo [14] established some sufficient conditions to guarantee a stable version of Harbourne's conjecture that the containment I (N m−N +1) ⊆ I m holds for all sufficiently large values of m. In Theorem 2.2 and Remark 2.3, we check the stable version for finite sets of very general points (resp. generic points) in P N K (resp. P N K(z) ). As it is the case of these notes, when dealing with homogeneous ideals I ⊂ R defining 0-dimensional subschemes of P N K , one uses the following Postulation Containment Criterion: if r · reg(I) ≤ α(I (m) ), then I (m) ⊂ I r , where reg(I) is the Castelnuovo-Mumford regularity, and for any homogeneous ideal J, α(J) is the least degree of a nonzero element of J (see [20, Proposition 3.6] , or [2, 3] ).
Another invariant that plays a crucial role in the containment problem is the resurgence. 
where α(I) = lim m→∞ α I (m) m . In Proposition 2.1, we provide sharper upper bounds for the resurgences of symbolic powers of ideals of points and obtain their asymptotic behavior.
CONTAINMENT PROBLEM FOR (FAT) POINTS IDEALS
is the ideal of the point P i . Let t ≥ 2 be an integer. Then
is the defining ideal of the (homogeneous) fat-points scheme tP 1 + · · · + tP s ; each of the points is "fattened" with multiplicity t. This is still a saturated ideal, but it is not reduced. As we will show below, Harbourne's conjecture is true for I (t) , for any t ≥ 2.
Proof. We first prove Part (1). It is clear the result holds for m = 1. So we may assume m ≥ 2. By [17, Theorem 4.4], we have I (m(t+N −1)) ⊆ I (t) m , hence we only need to show , we will show that I (t) (m) ⊂ I (t) r . Let (t + N − 1)r = tq + h, where 1 ≤ h ≤ t. Since m is an integer and m > (t+N −1)r t , we have m ≥ q + 1. Hence
and consequently, lim t→∞ ρ I (t) = 1.
For any nonzero vector
, where 1 ≤ i ≤ s, 0 ≤ j ≤ N , we define the set of points {P 1 , . . . , P s } ⊆ P N K as the points
Similarly, one says {P 1 , . . . , P s } is a set of s very general points in
For an ideal I of points, I (m) is the saturation of I m with respect to the irrelevant ideal M = (x 0 , x 1 , . . . , x N ). By definition, (I m ) t = I (m) t for t ≥ satdeg(I m ), where satdeg(I m ) is the saturation degree of I m (here J t denotes the set of all elements of degree t in J). We also have the inequalities
(The first inequality holds for any homogeneous ideal [6, Lemma 1.5] and the second follows from [5] for the ideals with Krull dimension at most 1). Furthermore, if I is the defining ideal of s (very) general points, we also have r ≤ α(I) ≤ r + 1 and reg(I) = r + 1 ≤ α(I) + 1, where r is the integer such that
In the following, we will show that Harbourne's conjecture is valid for ideals of very general points in P N K for sufficiently large values m. First we prove the result if m = 2r for some r ≥ 2, i.e., I (2rN −N +1) ⊆ I 2r . Since
, by Proposition 2.1, this is included in I (2) r . We need to show α I (2rN −N +1) ≥ 2r(α(I) + 1). Indeed, we can show α I (2rN −2N +2) ≥ 2r(α(I) + 1). Suppose not, then we have α I (2rN −2N +2) < 2r(α(I) + 1). Since I is the ideal of s very general points in P N K , by [10] and [12] , α(I) ≥ α(I)+N −1 N . Hence
. 
By computation, we have
.
is a pure transcendental extension of fields by adjoining s(N + 1) variables z = (z ij ) 1≤i≤s, 0≤j≤N . A set of s generic points P 1 , . . . , P s consists of points
. By a similar proof as in Theorem 2.2, one can show that a stable version of Harbourne's conjecture also holds for the defining ideal H = ∩ s i=1 I(P i ) of s generic points.
THE CONTAINMENT PROBLEM FOR FAT POINTS DERIVED FROM LINE ARRANGEMENTS
Let A be an arrangement of n lines in P 2 K . Suppose we fixed ℓ 1 , . . . , ℓ n ∈ R := K[x, y, z], which are the defining linear forms of A, and suppose ht( ℓ 1 , . . . , ℓ n ) = 3 (i.e., the rank of A is 3). Let
be the ideal generated by all (n − 1)−fold products of the linear forms defining A. By [19, Lemmas 3.1 and 3.2], the ideal I has the following properties:
(i) I has the primary decomposition
where P 1 , . . . , P s is the singular locus (i.e., the intersection points) of the line arrangement A, and for j = 1, . . . , s, I(P j ) is the ideal of the point P j , and n j is the number of lines of A passing through P j . (ii) The ideal I has graded minimal free resolution:
One consequence is that α(I) = reg(I) = n − 1.
Remark 3.1. The counterexample to the containment J (3) ⊂ J 2 due to [8] uses the reduced Jacobian scheme of the line arrangement A in P 2 with defining polynomial (x 3 − y 3 )(y 3 − z 3 )(z 3 − x 3 ). This means that J is the defining ideal of the 12 singular points of A. But I 8 (A), by property (i) above, equals
, and from Proposition 2.1, we have I 8 (A) (3) ⊂ I 8 (A) 2 . This is not just a simple coincidence; in Corollary 3.4 below we will show the containment problem for this special class of fat points ideals derived from line arrangements. Furthermore, if the lines of A intersect generically, then the above inequalities become equalities.
Proof. Let F ∈ I (2r−1) be of degree rn − 2. We will show that F must be the zero polynomial (which has any degree).
We have I = ∩ s j=1 I m j j , where we denote I j := I(P j ), and m j := n j − 1 ≥ 1. Then, by definition,
Let V (ℓ i ) be any arbitrary line of A. Suppose P 1 , . . . , P p are all the intersection points of A lying on this line V (ℓ i ). Suppose gcd(ℓ i , D r−1 F ) = 1. We have that D r−1 F is a homogeneous polynomial of degree rn − r − 1, and it vanishes of order rm k at each of the points P k , k = 1 . . . , p. By Bézout's Theorem, we have
But, since A is a line arrangement in P 2 , one has
Everything put together gives r(n − 1) − 1 ≥ r(n − 1), which is an obvious contradiction.
So ℓ i |D r−1 F , and since ℓ i was arbitrary, we have
for any partial derivative of order r − 1 of F .
1
Claim: Denote A := ℓ 1 · · · ℓ n . Let 1 ≤ j ≤ r. Then, if A j divides all partial derivative of order r − j of F , then A j+1 divides all partial derivative of order r − j − 1 of F . Proof of Claim: From Euler's relation, any partial derivative of order r − j − 1 of F can be written as combination of partial derivatives of order r − j of F , and hence it is divisible by A j .
Let D be any such partial derivative of order r − j − 1 of F . Therefore
Suppose, for i = 1, . . . , n, ℓ i = a i x + b i y + c i z, a i , b i , c i ∈ K. Then, the partial derivatives of D with respect to x, y, and z are:
Each D x , D y , D z is divisible by A j , since they are partial derivatives of order r − j of F . If there exists i 0 ∈ {1, . . . , n} such that ℓ i 0 ∤ G, then, since, after simplifying by A j−1 , we have
we have a i 0 = b i 0 = c i 0 = 0, and hence ℓ i 0 = 0; a contradiction. Therefore, (ℓ 1 · · · ℓ n )|G, and so A j+1 |D. This concludes the proof of the claim.
From the Claim above, we have (ℓ 1 · · · ℓ n ) r |F , so deg(F ) ≥ rn. But since we started with deg(F ) = rn − 2, we then must have that F is the zero polynomial.
For the second part, let F ∈ I (2r) of degree α I (2r) . Since for all j = 1, . . . , s, m j ≥ 1, we have (2r)m j − 1 ≥ (2r − 1)m j , and hence F x , F y , F z ∈ I (2r−1) , and so,
giving the desired conclusion.
For the last part, if A is generic, then n j = 2 for all j = 1, . . . , s, so from property (i) above, I defines a star configuration in P 2 K . From [3, Lemma 2.4.1] we then have α I (2r) = rn. But we also showed just above that α I (2r) − 1 ≥ α I (2r−1) ≥ rn − 1, so when A is generic, we have also α I (2r−1) = rn − 1. With computations done by [13] we have α I (2·2−1) = 7 = 2 · 4 − 1.
So the first lower bound obtained in Proposition 3.2 is attained for this I and r = 2. This is the only example we know when this lower bound is attained for some r ≥ 2, and when A is not generic. About the second lower bound, we don't have an example with A not generic, r ≥ 2, when the bound becomes an equality. Proof. From property (ii) above, reg(I) = n − 1. Since we just obtained that α I (2r−1) ≥ rn − 1 ≥ r(n − 1) = rreg(I), by the Postulation Containment Criterion mentioned in the introduction, we have I (2r−1) ⊂ I r . So any element of I (2r−1) is a combination of elements of I r , and is of degree ≥ rn − 1. So the polynomial coefficients of this combination must be of degree ≥ (rn − 1) − r(n − 1) = r − 1; hence the claim (1).
By the famous result of Ein-Lazarsfeld-Smith and Hochster-Huneke, I (2r) ⊂ I r . So, similarly, any element of I (2r) is a combination of elements of I r , with polynomial coefficients of degree ≥ rn−r(n−1) = r. Hence the claim (2) is shown.
